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Let 1 <k, < k2 < (k, be integers and let S denote the set of all vectors 
x = (x1 ) x2 ).,.) x,) with integral coordinates satisfying 0 < xi ( kj, i = 1,2,..., n. The 
complement of x is (k, -x, , k, -x7 ,..., k, -x,) and a subset X of S is an an- 
tichain provided that for any two distinct elements x, y  of X, the inequalities 
xi<yi, i= 1,2 ,..., n, do not all hold. We determine an LYM inequality and the 
maximal cardinality of an antichain consisting of vectors and its complements. 
Also a generalization of the Erdiis-Ko-Rado theorem is given. 
Let I denote a set consisting of ki > 1 elements of type i, i = 1,2,..., n. We 
assu’me k,<k,<...<k,,. For example I might be a set of K= 
k, + k, + ... + k,, billiard balls, ki of color i, i = 1,2 ,..., n. We identify the 
subset of I consisting of xi elements of type i with the vector 
x = (Xl , x2 ,***, x,) and use S = S(k,, k, ,..., k,) to denote the 
(k, f l)(k2 + 1) .+. (k, + 1) subsets of I. S may also be regarded as the set 
of divisors of pppp . . . p? where the pi are distinct primes and x is identified 
with the divisor pppt2 ( . . p,““. The special case k, = 1 corresponds to I being 
an ordinary finite set with n elements and S being its 2” subsets or the 2” 
divisors of the square free number p1 p2 ... p,, . 
A subset X of S-in other words a set of subsets of I-is called an an- 
tichain (or Sperner family or clutter) if and only if the inequalities xi <yi, 
i= 1,2,..., n, do not all hold for any two distinct vectors x, y in X. In terms 
of sets, this is the same as saying that no two sets x, y in X are related by 
setwise inclusion. The complement xc of x = (xl, x2,..., x,) is (k, --x1, 
k, - x, ,..., k,z - x,), 1-x ( = x1 + x2 + . .. + x, is the number of elements of I 
in x, ( X( is the number of vectors in X, and (i)X denotes the subset of X 
consisting of vectors with 1 x ) = i. The integers pi= I(i)XI, i =O, l,..., K, are 
called parameters of X 
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Clements and Gronau 141 studied the maximal antichains containing no 
set and its complement. The opposite concept, c-antichains, i.e., antichains 
consisting of sets and their complements, was considered in the case k, = I 
by Bollob&s [ 11. 
In the present paper we generalize this result to the k, > I case. We prove 
an LYM inequality (see Lube11 [ 121, Meshalkin 1131, and Yamamoto 1141) 
for c-antichains and obtain the maximal cardinal&y of c-antichains as a 
corollary. Our proof, based on the generalized Macaulay theorem of Cie- 
merits and Lindstrom [5] and an existence theorem for compressed an- 
tichains of Clements 121, implies a very short proof of the extended Er- 
diis-Ko-Rado theorem (ex.EKR) [8] of Boflobas [ 11 and Greene et al. [9 IV 
Bollobas used the ex.EKR to prove his result for c-antiehains. We infer in 
the opposite direction. Daykin [6] has given a very short proof of the EKR 
[S] via the Kruskal-Katona theorem i 10, 111, the k, = I version of the 
generahzed Macaulay theorem. Our proof in the k, = 1 case shows that the 
ex.EKR also follows from the Kruskai-Katona theorem immediately, via the 
existence theorem for compressed antichains which was also proved by 
Daykin et al. 171, 
First we need some notations. Let t = t(I) be the smallest integer such that 
k l+ 1 is odd and if all k/s are even, let i = it. We define subsets 
ST = S”(k, : k, y.., k,) of S, i =O, 1,2 ,..., t, as follows: 
1. S$ = {x: x E S, x, < k,/2 j, 
2. for iwith l,<i<min(t,n- l), 
Sf = {x: x E S,xj= kj/2 (1 <j < i), xi+ 1 < ki+ r/2), 
3. if t = n, 
S: = {(k,/Z k&L.., kJ2)j. 
If X is a c-antichain, then 
1. X= consists of the self complementary sets of X, i.e., X= xonsisrs at 
most of Sz in the t= rz case. 
2. x\X=’ can be partitioned into disjoint pairs of complementary sets 
(x, xc). Exactly one set of each pair will be put in Xt and X-, respectively, 
such that } x j > X/2 for all ,x E Xc. 
Then X-== (x: xc E X’ }. A complete characterization of X+ also describes 
x. 
Before we state our results we need some background material. For any 
vector x E S, let 
l--x = {(Xl - 1, x2 )...) XJ, (XI, x2 - 1, xj )...) x,) )...) 
( x, 3 x2,--, x, - l)] n s 
312 HANS-DIETRICH 0. F. GRONAU 
and for any subset H of S let T-H = (-&r-x. For any subset H of S let 
F(m, H) denote the first m elements of H, where the ordering is lexicographic 
order: x < y if and only if xi < yi for the smallest integer i such that Xi fyi. 
It is shown in [2] by Clements that if X is an antichain with parameters 
po,pl,...,pKr then the compression of X, that is, the set CX defined by 
W)(Cx> = F(P,, (KM 
(K - l)(CX) = F&A,, (K - 1)s - T-(K)(Cx)), 
(K-2)(CX)=F(p,-,, (K-2)S-T-T-(K)(CX)-T-(K- l)(CX)), 
etc., is also an antichain. 
THEOREM 1. Let X be a c-antichain. If X+ has the parameters pi, then 
there are nonnegative integers 
P~,~(K/~ < i <K,j = 0, 1,2 ,..., min(t, n - 1)) 
with 
(i) pi = xjpi,jfor K/2 <i <K 
and 
(ii) for j = 0, 1, 2 ,..., min(t, n - l), 
-piJ = 0 for i>K-iJ$ k,, 
t-1 
- 
Proof. If x is the cth set in (d)S with respect to our order, then xc is the 
cth last set in (K- d)S. Consider the compressed antichain CX of X. By the 
construction of the compressed antichain it follows that CXt C CX. 
Now we prove CX+ E Ui!$(f9n-1) ST&,, k2,..., k,), Let y be the last vec- 
tor of CX+ and let z be the fist vector of Y = Cx’\C(X’ U X=). Then y < Z. 
Y' = {x: xc E Y} is an antichain having the parameters of X+. Hence 
CX+=CY’. Since zc is the last vector of Y’ we have y < zc. Hence, y < 
cJT,YZ,.-,Y, “) with JJ; < ki/2 (i= 1, 2,...,p - 1) and y,” < kp/2 for some p, 
i.e., CX+ s (Jim_i~(r~n-‘) Sp. 
(CX’); = CX+ n Sf(k,, k, ,..., k,), i = 0, l,..., min(t, n - l), 
is a partition of CX +. Obviously, the (CX+)ys are antichains and we may 
apply the LYM inequality given also by Clements and Gronau [4] for every 
(CX’)? and get the statement of the theorem mentioning 
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(i) j x ] > K/2 for all x EXt and 
(ii) in SF(k,, k, ,..., k,), i= 0, I,..., min(t, n - l), there are only ranks 
k (i.e., I(k) SF 1 f 0) if k <K - l/2 Cft: k,. Q.E.D. 
If k, is odd, then Theorem 1 has a simple form since t = 0. 
COROLLARY 1. Let k, be odd. If X is a c-antichain with parameters pi, 
then 
Kl2<i<K-kd2 
COROLLARY 2 (Bollobas [ 11). Let k, = 1. If X is a c-antichain with 
parameters pi, then 
c pi + c )pii <2. 
l<i<n/Z n-l 
( 1 
n/2(i<n-l 
i- 1 ( ) i 
Since Clements [3, Lemma 1, p. 1287 ] showed, for i > [(K -!- 1)/2], 
consequently 
Theorem 1 implies ] X ( = 2 ] X+ ( + / X= j < C~!~“+” ] ([(K + 1 j/2]) 
ST ] + ] X= I. If K is odd, then } X= ] = 0. If K is even, then (K/2),!? consists 
of S$, if t = n, and the sets of (.J’!?~(‘+ I) ST and their complements. Hence 
we have 
THEOREM 2. If X is a c-antichain, then 
lxI,<Iw2Pl I$K is even, 
IX\<2 -5- l(W+ 1)/2) ST j 
rG 
if K is odd. 
These bounds are best possible since they are attained by (K/2)5’ gfiu is even 
and YU (x: xc E Y} with Y= l.Jf=, ((K + 1)/2) SF ifK is odd. 
COROLLARY 3 (BoIlobBs [ 1 I). Let k, = I. If X is a c-antichain, then 
Now we state our generalization of the ex.EKR. In the literature on the 
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k, = 1 case the intersection condition A n B # @ and the analogous union 
condition A U B #I have great importance. The intersection condition was 
generalized to the S-concept by x (7 y # 0 if and only if there is an index i 
such that xi > 1 and yi > 1, i.e., x and y have a common divisor. In the 
k, = 1 case the following statement is true: A and B are not complementary 
if and only if A f’l B # 0 or A U B # I. By this motivation we may generalize 
the conditions to: x n y f QI if and only if there is an index i such that 
xi + yi > ki + 1 and x U y #I if and only if there is an index i such that 
xi+yi~ ki-1. 
THEOREM 3. If X is an antichain on S(k,, k,,..., k,) satisfying 
(i) ( x ) > K/2 for all x E X, 
(ii) for every pair x, y E X, x # y, there is an index i with Xi + yi < ki, 
then X has the property of X+ in Theorem 1. 
ProoJ: Y= {x: xc E X) is an antichain, too. Furthermore Xn Y = 0 
since (ii). Consider an arbitrary pair x E X, y e Y, xc # y. Since x # y, 
/ x / > K/2 and 1 y { <K/2 not all inequalities xi < yi, i = 1,2,..., n, can hold. 
Assume all inequalities xi>,yi, i= 1, 2,..., 12, hold. Then Xi > ki -yF and 
xi + yf > ki for all i, in contradiction to (ii) since yc E X. 
Hence, XV Y is an antichain consisting of pairs of complementary sets 
(i.e., X==0) and Theorem 3 follows. 
COROLLARY 4. Let k, be odd. If X is an antichain with parameters pi 
satisfying 
(i) (xI>K/2forallxEX, 
(ii) for every pair x, y E X, x # y, there is an index i with xi + yi < ki , 
then 
COROLLARY 5 (ex.EKR, Bollobbs [l], Greene et al. [9]). Let k, = 1. If 
X is an antichain with parameters pi satisfying 
(i) 1 x I> n/2fir all x E X, 
(ii) for every pair x, y E X, x # y, there is an index i with xi = yi = 0, 
then 
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